FOR any field
2. Any ternary quadratic form in the GF\_p n~\ , p > 2, can be transformed into q = ax 2 + by 2 + cz 2 . The number of sets of solutions of q = 0 in the field has been determined ; J in particular, this number exceeds unity. The latter fact may be proved very simply as follows. Since the proposition is evident when a = 0, we may take a == -1, c =(= 0. Let z == ty. First, let p = 2, so that n is even, w = 2m. Set the field, * A non-vanishing element equal to the cube of an element of the field.
m-l / 6 \
The powers of x may be reduced by x* m = x. Hence, for l<e<4"-l,
the sum extending over all * integers 0<i<6 for which
It is found to be advantageous to consider the higher values of e.
For e == 4 m -1, we have I? =2e (whence each i = 6) or 2£=e.
Hence E -e gives i 0 == 3 (mod 4), whence i Q = 3, i x = 3 ; etc.
Since a 6 = 1, (2) becomes where a 2 == a-+ 1 (mod 2) defines the GF [4] . Next, for a 5 4= 0, we multiply ?/ and make a 5 = 1. We multiply (6) by a B and add the fourth power of (6). We obtain 1 + a 2 + a 3 = a 2 ag 1+1 = a 2 , by (5). Hence a 3 = 1, so that (6) becomes (6') 1 + a 2 + a 4 + <+••• + < _1 = 0.
In view of the latter, (7) and (8) give If m > 1, we apply (6') to (9) and obtain a x + 1 + a 2 (a 2 + 1) + a 4 + a 4 + a 2 + 1 = 0.
Eliminating a x and a 0 by (7'), we get (9') a\ + a 2 = a 4 + «J.
* In the simple case m= 1, we may also proceed directly with (1), which must reduce to unity (the only cube) for every x.
Condition (10) likewise leads to (9'). But (11) The fifth gives c 3 = -1, in contradiction with c 2 = c. Any sextic ax 6 + • • • which represents only cubes, modulo 7, cannot equal -1 for every x and y, not both zero, and hence must take the value + 1. Hence it can be transformed into
Finally, let e =j = 0. Since every integer is a fifth power modulo 13, we may multiply y and make e = 1. Then (18) for every X in the given field of order > 4. Hence
By § 2, T vanishes for x, y, z, not all zero, in the field. 11. It remains to investigate the ternary sextics T which represent only cubes in the GF\1~\.
The terms free of x in T will be denoted by B yz , those free of y by B xz , etc. By § 7, each B is a perfect cube or a product TT of three quadratic forms. Suppose that one of the JS ? S, say B xz , is of the type TT. Beplacing x by x + ry + sz, we may delete the terms x 5 y and oe 5 s ; then B xz is still of the type TT, and B xy is of its original type. Hence we may set B xz = z G + oeV -z 6 .
Let T become T' when y is replaced by y + /02. The coefficient c of £ 6 in B' xz is the value of B for t/ = p, z = 1, and hence is a sextic in p with a non-vanishing coefficient for p 6 ; thus c =(= -1 for some value of p. Since B' is not of type 7r, it is a perfect cube. Also, B' xy = i?^.
Thus one of the JB's may be assumed to be a perfect cube. With J5 a cube, the same argument shows that we may make also B xz a perfect cube, and that we may set Employing the abbreviation <£, given by (20), we have
